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2. Current and Anticipated Results

The u.Lcimate objective of our research is to provide algorithms, and ,
by using experimental digital computer programs which implement the con-

straint method for three dimensional analysis, to demonstrate the arfec—
riveness of the method in three dimensions. Since the approaches to be

used in deriving these algorithms are based on similar approaches for two
dimensional analyses , part of the grant period has been spent in complet-
ing the formulation of algorithms in two dimensions so as to have a firm

foundation for the more complex three dimensional work. Also in response

to a suggestion by Dr. V. 3. Vankayya of the Air Force Zl~ght Dynamics

Laboratory at ~right—?atterson AFB, the plate bendfng element of the con—

straint ~ethod is being developed further. Results in the first three

areas described below are for two dimensional prob lems in linear stress

analysis; results in the fourth area are fo r  three dimensional linear

stress .analvsii.

2.1 C ’ Di lace t Fields (plan e el.istic~ t~ )

2 . 1 .1 Hterarthfcal Elements and Precomputed Arrays

It has been shown previously by others that elemental arrays may be

.ffic~ently generated through the use of “precomputed” arrays — — that is

arrays which are computed once , -stored on permanent file, and then reused

in at]. subsequent applications of the program. The new work done by the

prIncipal investigator and his collaborators has two ob~ ecti’:es: the f i rs t
is to show how the hierarchal C’ elements (described in 1.2) for a quadratIc
functional may be formulated us ing pre computad arrays thus yielding a fi-
nit e  element technique which is especially suited to problem s with local
rapid variation of the function to be approxImated . In part icular , formulas
for two—dimensional (hierarchal) element arrays for  arbitr ary polynomial
order are derived, based on precomputed arrays . The second ob~ecttve is to
apply the combined approach of hierarchal elements and precomputed arrays to

decide if a computed result has “converged” . A co on practice in finite

elemen t analysis is to solve a problem several times using successively

required meshes is. to apply the procedure for h—convergence . If suc-

cessive analyses agree then it is usually assumed that the finite element

approxi.~ation is accurate. This procedure can be computational1~.’ expensive

when several highly refined meshes are used. An alternative procedure is

to use p—con vergence , which, as pointed out in 1.1, has a faster rate of 
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convergence to the true displacements . The computational effectiveness of
the p—conve rg ence procedure is demonst rat ed n~~ertcally using hierarchal
elements and pre compu ted arrays.

Detailed formulas ar. given for ca.iculatioa of st iffness matrices and
for  calculation of polynomial coefficients from nodal. variables . Rierar -
cha]. nodal variables are presented together with some of the favorable con-
sequences of usin g hierarchal nodal variable.. Computation times for

stiffness macrices are given in terms of equivalent t ime units (e.t.u.) for
dI fferent  methods . It has been demonstr a ted in (U I  tha t the constraint
method allows many more degrees of fr eedo m than other methods do , for the
same computer cost.
2 . 1 . 2  S ingularicv Functions used in Linear E la stI c Fracture Mechani cs

Poor computatI onal efficiency has genera lly been observed when employ—
ing conventional f~nit. elements near a crac k top. Therefore , in (1~~ , the

behavi~ r of a rational type singularIty function which represents an order
of r ! typ. stress singularity has been investi gated , when used in con-
junction with hierar chica l C ’ elements , in an effort to improve at flciencv .

- An ~.nc ernal mode of the form

L
1

L~~L3
~~~~~~~~~~~ 

L,, 3
) (L + L ) ~~I 

—

is am approximation in triangular coordinates to an r type stress singu—

j .a rt tv  at the vertlx L
1 

1. Using techniques similar to those developed by
us in ( 5 ) ,  it is possible to integrate derivat ives of the singular~ t~ func—

cion ~ over tr ian gles , explicic1~ , and then to employ precompuced arrays to

compute element s.]. s t iffness mat rices . The p—convergent procedure can then

be applied to determine the strain energy U, the strain energy release rat.

C and crack opening displace ments ,

To determine the effect  of addi ng the singulari ty function to a

polynomial basis we have taken the edge cracked pan. ]. aho~m in figure 6.
3ecaus. of sv~~etrv only one quarter of th. panel is modeled with th. three
differen t triangulations shown in figure 6.  The finite elemen t solution

is obtained for each of the triangulattons fIrst with only polynomials in
the displa cement field , and then wi th the addition of the sin~ularitv func-
tion in elements meeting at the crack top . The results are plotted in
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fIg ure b and figure and are given in detail in Tab le 2 and Table 3. It
is evident that there is an improvement in the est imates o f the strain
energy U and the strain ene r gy release rate C but  that this improvement is

not appreciable compared to the results already obtained by increasing the
polynomial order p. Thu s , thc mode of p-convergence appears to be more in—
porcant in achiev ing accuracy than the addition of a singularity fun ction
to the basis.

We have also considered the case of a centrally crac ked pans ]. shown
In figure S modeled with five elements in one quarter of the panel. The

crac& opening displacement (CCD) and stresses are computed with the singu—
art ty  function included in the approximating displacement fIel d and the

results are shown ifl table i. In table 4, 5 is the COD obtained by polyno—

m.~ai approximation above , 5’ is the COD obtained by including a singu—
la rit v function and c is a measure of componen t defIned as

- ~~— --— x 100

t Is clea r from tab le ~ that inclusion of the singulartt’~ functIon in the

p—conver;ent procedure leads to substantial imp rovement in the dIsplacement
near th. crack.

(ore details and other cases which have been studied are presented in
1 .  :~ all cases the case of the constraint method in the mode of p

convergence Leads to major computational advantages .

~- . — C~,’io1ed and ~.. ~i&p1acement Fields

n this work the results of <ratochvt l cc al. in C l~~I are ;eneralI:ed
to ?r~blems wI th three independent displacement fields. An essential aspect

of this approach is to transform a triangular element 2 In the x—y plane
into a standard trIangle ~ with vertices at the origin and at a unit dis-
tance along the horizontal and vertical a.ces. Such a transformation is
shown on t~ e next page where and i represent coordinates In the plane of

the standard trIangle and x and , are local coordinates for the element
with the fIrst vertex of the element coincidim~ ~ I th  the origIn . The other
two vertices and also the th r ee edges are nunbered in counter-clockwise
order as shown.

- — —. C — V_S~S~~~ _ V 
~~S d  V - —~~~~~~~
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The justification for us ing the standard triangle is that integrations and
matrix inversions are performed with respect to the standard triangle. Thus
they need be done only once and the results are stored and then used in
all futur e applications of the program . Computation of the element stiffness
matrix is thus reduced to computing a linear combination of a small n~~ber
of precomputed macrites followed by pre— and post—multIplicatIon by block
diagonal matr Ices . The nunber of precomp uced matrices whi ch mus t be stored
are considerab ly reduced by choosing hierarchal nodal variables. Further

details are given In ~1.2 .
2.3 C Disolacement Flej is ilace bending proble m s)

It was suggested ~~ Dr. 7 . 3. Venkayy a (of the Analysis and Optimi-
zation ~rou~ , Str~cture s Divts~.on , Air Force FlIgh t Dyn amics Laborator ,
Wright—Patterson Air Force 3ase in a letter dated 12 December 1975 that
further development of place Dending elements would be useful in order to
realize the full  potential of the constraint method. Accordingly, a
sophisticated place bending elemen t, incorporating a complete p~~ order
polynomial with p 5 and correctIve rational functions , has been formu-
lated and is now being progra ed and tested . We now describ e some of
this work.

It is veil known (i.e [19], for example) that exactly conforming
(even at vertices) C~ displacement fields cannot be formed merely by freely

assembling finite elements . There are certain additional constrain t equa-
tions which mus t be satisfied at verti ces . The simplest form of these

— -- V — — — - —~ ~~~ - -—- - . —- -~ -~~~~~ - —~~~~~
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constraint equations has been given by Peano in (4~ , where a specially
devised assembly procedure is presented which automatically enforces the
constraint equations . An alterna c~v. me thod for enforcing exact conformity

when using displacement fields of arbitrary polynomial order p is by sup-
plementing p.~~ order polynomials with newly constructed corrective rational
functions . This des troys the analytic character of the approximation at
the vertices but permits free assembly of elements without enforcing con-
straints (4~ . An algorithm has been developed for a C1 (exactly) conform-
ing triangular element which contains complete polynomials of order p > 5
and corrective rational functions - A typical element of order p — 5 to-
gether with nodal variables is shown below . -

w$ . w5 i~ ~~~~~~~~~~~~~~~~~~~~~~

w1~, w12 12 2

Hierarchic Quincjc C Elenent

The quintic C1 element has 24 independent nodal variables. The shape

functions for these nodal variables are given in Tab le 5. The shape func-
tions for second order tangential—normal derivatives are rational functIons .
It Is important to observe that although rational functions are used in
the basis , all terms which appear in the elemental stiffness matrix can be
integrated explicitly without recourse to n~~erIcai. quadrature . This was
proved in (5]. An algorithm based on a hierarchical family of C1 elements

using corrective rational functIons has been programmed and is now beIng

tested on atmierical examples . We now give one such example.

- -
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2.3.1 An !xamole: A Simolv Supported Square Plate under Uniform Loading

~esu1ts ob tained by using the hierarchical quintlc C1 element are
compared with those obtained by Cowper in (20], by Caramanlian et al i~ (21]
and by Tsai in [22]. Two different  types of triangulation are shown in
Figure 9: the Q—arr angemen t and the P .arrangetnent . In Table 6 the
results for central deflection , cen tral bending mo ents and for the strain
energy are compared for different elemental arrangements and for different
C1 elements. It is seen that for the Q—arrangement the strain energy ob-
tained by using the Constraint Method is an order of magnitude more accurate
than that obtaIned by Couper , and for the p—arrangement it Is two orders
of magnItude more accurate. This is consistent with the order of magnitude

improvements that have resulted in many problems by using the constraint
method.

2.4. Hierarchical Families of Com~lece ConformIng Solid !lements of
Various Shaoes and Arbitrary Order

In (4] a table of canonical basis functions for a triangular (two
dimensIonal) element was presented, using natural coordinates. This table

has been generalitad to include a canonical basis for a tetrahedral (three

dimensional) hIerarchic family. Using this table shape functions are gene—

rated for tetrahedral C° elements and their corresponding nodal varIables.

table 7 gives the nodal variables and shape functions for the first four
hierarchic Tetrahedral. C elements.

A hierarchic family of rectangular C° elements has been developed and

this family is used to generate a hierarchic f amily of C° brick elements
o f arbitrary polynomial order. 3y using a combination of the hierarchic
trIangular and rectan gular families , we have also constructed a hierarchic
family of triangular prismatic elements . These prismatic elements , which

have also have arbitrary polynomial order , can be made to join continuously
to tetrahedral. elements , so that pointed prismatic geometries can now be
easily approximated (see the figure on the next page). 
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2.5 Pacers for PublIcatIon in Jourmals and Presentation at Conferences

The various aspects of the work described in 2.1 — 2.4  are in dif—
ferent stages of development. Listed below are papers either already ac—

ce~ tad for  pub licatIon or in preparation , and pape rs already presented or
to 5e presented at conferences.

PublIshed ?apers:

1). “Hierarchal Finite Elements and Precomputed Arrays ” , by
Mark ?. Rossow and I. Norman Katz, (to appear in m t .  J.
fo r Nt~~. Method in Engr.).

2). “Nodal VarIables for Conforming Finite Elements of Arb itr ary
Polynomial Order”, by I. Norman Katz and Mark P. Rossow, (to
appear in Computers and MathematIcs, with Applications).

3). “A Hierarchic Family of Complete, Conforming C1 Triangular
Elements , for Plate 3ending”, by I. Norman Katz and Barna
A. Szabo, (in preparation).

4). “Hierarchic Families of Complete Conforming Solid Finite
Elements of Various Shapes”, by I. Norman Katz , (in prepa-
ration).

5). “P—convergent Finite Element Appro~d.mations in Linear Elastic
Fracture Mechanics”, by Anil K. Mehta (doctoral dissertation)
Department of Civil Engineering, Washi ngton University (1978) .
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Presented Papers :

6 ) .  “~Ue rarchica3. Appro ~~mac~ on ir FInI te  Elemen t ‘.na vsis ” , b y
2 . No rman Katz , International Synposi~~ on :~ ~ovar:’,e NunerI~alAnalysis in Applied Engineering Science, Vers -iilles, France,
May 23 — 2~~, 197~~.

‘) .  “EffIcIent GeneratIon of Hierarchal Ft~~:e Elements Through the
Use of Precomputed Arrays” , by M. P . Rossow and I. N. Katz,
Second Annual ASCE EngIneering Mechanics Division Specialty
Conference, North Carolina State University, Raleigh, NC
May 23 — 25, 1977.

8). “C Triangular Elements of Arbitrary Polynomial Order Containing
Correc:t’:e Rational Functions” , by ~~. Norman Katz , SI.AM .9~ 7
Natlona]. MeetIng, Philadelphia , PA , June 13 — 15 , i9~~ .

9). “~i.ierarchIcal C~mp1ete ConformIng Tetrahedral Elements of
Arbitrarr Polynomial Order” , by I. Norman Katz, presented at
5LA~ l9~7 Fall MeetIng, Albequerque, N!, October 31 — Novemoer
2, l9~ 7.

10). “A Hlerarzhical  FamIly of Complete C~nform~~g Prismatic FinIte
Elements of ArbL ::sr-y Pol ’r~icmi.a l Order ” , by I. Norna~i ~a tz  to
be presented at SL~M 19~ 3 NatIonal Meeting, Madison, WI, May24—26 , l9~ S.
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[13] K. C. Chen , “High Precision Finite Elements for Plane Elastic Problens ”,
D. Sc. Dissertation , Department of Civil Engineering, ~4ashington
Unive rsity, St. Louis , Missouri.

- - (14 1 Ross~~~, M . P . ,  Chen , K. C. and Lee , J. C., “Computer Imp1ement~ tiom of
the Constraint Method” , Computers and Structures , Vol. 6, pp. 203—209

• 
V 

(1976).

(15] Rossow , M. F., “Efficient C° Finite Element of Simply Supported Plates
of Pc~ fnom~al Shape” , to a p p e a r  in J. App lied Mechanics.

[16] R. F. Hartung and R. E. Ball, “A Comparison of Several Computer Solu-
tions to Three Structural Shell Analysis Programs”, Air Force Fligh t
Dynamics Laboratory , Wright—Patterson Air Force Base, AFFDL—TR’-15,
Technical Report (1973)

[171 Anil K. ~ehta , “P—convergen t Finite Elenent Approximations in Linear
Elastic Fracture ~echanics” , Doctoral Dissertation , Department of Civil
Engineering, Washington University, St. Louis, Missouri (1978)

(18] J. Kratochvil , A. Zenisek, and M. Ziamal , “A Simole Algorithm for the
Stiffness Matrix of a Triangular Plate Bending Element”, tnt. J. Nun.
Methods in Engr. Vol. 3, 1971 pp. 553—563.

(19] P. C. Zierikievicz , The Finite Elenent Method in Engit~eering Science
McGrav—Hill , London 1971 p. 176.

[20] G. P.. Cowper, E. Kosko. C. M. Lindberg, and M. D. Olsen, “A High Pre-
cision Plate Bending Elemen t” , NRC NAE, Aero Report LR 514 National
Research Council of Canada (Dec. 1968).

(21] C. Caramanlian , K. A. Selby and C. T. Hill, “A Quiritic Conforming
Plate Bending Triangle”, to appear in tnt. J. for N~rn. Methods in Engr . -

[22] Tsai, Chung—Ta , “Analysis of Plate Bending by the Quadratic Program— 
V

miri g Appraoch” , Doctoral Dissertation , Washington University, -St. Louis ,
Missouri (1971).

[231 C. Hall and J. M . Watt , Modern Numerical Methods for Ordinar’ Differential
V Equations Clarendort Press , Oxfo rd , 1976.

(24] R. H. Gallagher , Finite Element Analysis Fundamentals, Chapters 10 and
11, Prentice—Hall , Englewood Cliffs , New Jersey (1975)
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TABLE 2

Comparison of Strain Energy Approxinaciori s

for Various Polynomial. Orders and Mesh Divisions
With and Without the Inclusion of Singularity Node

Strain Energy
p Mesh -~

~~E/~~ Z 
Error Erro r

A 2.9582796 8.356 2.981.5737 7.634

2 3 .9778692 7.749 2.99099 3 7.3~~
C .9876714 7. 333 2 .9957897 7.194

A 3.0809992 4.554 3.0976153 4.039
3 3 3.0961462 3.085 3.105022.3 3.810

C 3.1123021 3.581. 3.l~7204 3.3 ) 2 .

A 3.1391180 2 .73 3  3.1303687 2.305

4 3 3.1488200 2 . 453 3.1337316 2 . 2 . 6 9
C 3.1603 98 .39~ 3.1635273 1.997
A 3.1683829 1.347 3.1761374 1.607

5 3 3.1731263 1.638 3.1791317 1.51.3

C 3.1826309 1.405 3.1548030 1.338
A 3.1350973 1.329 3.1907447 1.153

o 3 3.1~995ó4 1.179 3.19:8865 ..OSS

C ).1?55412. 1.001 ).971365 0.95ó

*sthgula;icy function is included in the elements
meet ing at the crack tip .
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TA3X~E 3

Comparison of Strain Energy Release Rate Approxima tions

for Various Polynomial. Orders and Mesh Divisions
With and WithQut the Inclusion of Singularity Mode

Stra in Energy Release Ra c e
p Mesh Error G E/a L Err or

A 2.2733840 13.510 2.3195)04 16.562

2 B 2.3548444 15.397 2.3668902 13.165

C 2.3926472 14.242 2.4012298 13.934

2.5083682 10.094 2.5375678 9.048

3 3 2.5660932 3.025 2.5725380 7.790

C 2.5995090 6.825 2.6035822 6.682.

A 2.6206222 6.071 2.6403090 5.358

4 3 2.6592740 3.686 2.6636310 3.329

C 2 .6830336 3.834 2 .6859432 3.729
A 2.6752748 4.112 2.6883926 3.642

3 3 2.7015356 3.169 2.7041712 3.076
V 

2.7134304 2.563 2.72.03946 2.395

A 2.7074112 2.960 2.7170000 2.616

6 3 2.72623~O 2.283 2,7232633 2.213

C 2.7391374 1.823 2.7403716 1.772

*Singularity function is included in the elements
meeting at the crack tip

— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - V-— -—---- -- - --- --V— ~~~~~~
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TABLE 4

Comparison of he Crack OpenLn; D~sp1acements (COD )

for Various Polynomial. Orders
With and ~ithouc the Inclusion of Singularity Modes

vs. ~~. iiica~ca &..~ Q; ~ s c~~ac~ s .a,facs ~~~ :~. ~s~tsr ~ ~s c:scs

3 . 3  3 . : .  ~.: ~~~~ 3. .. 3.3 3., 3.~ 3.3 3 .3

S ) V .IZ.3 3. . 43  3 . 3 51 3 .43. 3 3 • • ~~~ 3 • ..~~3 3 • 3 5 7~ . 3359 3.3030 0. 1.30

3 S• 3 . O 4~ 3~~3~~~0 V . V ~ .2 3.30?9 3. .~~9 3. .36Z 3.3’3. 3.3 ,359 ~~~~~~~ 3.~~~.17

t . 3  . .3 5.. 5 .3 5 .3 3 . ~~ 3.3 ~ . 9

3.~~3Z6 3.~~Z34 3.~~ 3?~ 3.3901 3 5453 3 326 4 3. .?~~ 3.3953 3.3.343 o.:.sia

~‘ 3.~~..... 3 1~~~20— ~~~~~~~ 3.~~i3~~3 3.511. 3.3460 3. .926 3. — .63 3 .~~~~ 2 V .  3.~~~ !0 V

:..i L .3  3 . 3  . 9  3 .~~ .. . 5 . ) ~~~ 6 .3

3 .~~~ 95 3 . i 6 9 4  3 . 3 3 ~~~ 3.6334 3 .6036  3 .~~690 3 . 5Z ~~ -3~ -~ ’..i -3. ’.3 ..7 -3 . :36:.

~~ 3.~ 163 3 . ,~~~. 3.~ 349 3 . 1 3 6 3  3 .~~1.3:. J . 5 7 3 3 . 3 3 3 ’ 3 . .â43 3 .3 6 4 9  3.2:93

. .3  ~~.. : . 3  :.. . :. . . ~ 1. .. 1.) .3  ~ ..

3 . 3 + ’ . V~~~1V.V,3 3 V ~~~~~~~ 3.~~!~~’ ~~~~~ 3.146 3 V 1 3 ~~~~ I V .” 3 . V 3 3 3 .  3 . 3 2 3 8

5 : • .3.~~359 3.~~~469 ) . 5~ 34 3.~~~V331 3.~~3S :. 3 . 39 04 3 . 3 — 3 1  3 .143 3 .3385  3 .3523.

3 .  3 . 3 . 3  3 . 4  3.~~ 3 .~~ .3  . . 9  3 . 3  5 . 6  V

3 . 1 + 7 3  3 . 1 3 .3 3.34CC 3.363..3 3.~~33 9  3 . 3 9 9 3  3 . 5 — 9 0  V 3 . .,344 J . ..~Ll 1 3322

•~~ 3 . 1.3 3.~~I !l 3 . ;4 . 3.lE s. ~~~~~ 3.;019 3 .3523  3.. 1 3. .~ 3) V1~~~~~

C 3 . 3  .5  3 . 1  3.1 ~~ 3.s 3 - 3  3 .9  2 .1

3 .  ~~~~ 3 .,913 3 .~~l64 V1 . 3 ó o~~ 3 . 6 3 3  3.~~.3.d 3 . 3 3 3 ,  3 . .~~~~ 3 . .3fl 3 . 3~~~3

• 3.~ 3 :9 3 . 31. 3.3 193 3 .649 L J V 3 ~~~3. 1 . 1.384 )..-)4 5 3 3 9  3~~353’ 
V

£ 1. . 3 . .. 3. . 3. . 0 .3  3 .6  3 . 6  3 . 3  . . 2  3 .~~

S V1. 5O~ C. I tA*U.L&X1.C7 ~~~~~~~~~~~

S• ‘stta I4a~~&L.4ztc ? ~~~~~~~~~~ L~ :~a ~~~ • 3 . .~ t i 2s~ Ct59 IC :~ . :~~acs :5.~

C I i  th. ~~ re~~~ss~ ;IIo C~.~~~C Wt~~ $L~~~L~ IgL 7  cts~ sa iad ~a 1~ ~~~~~~~ ~
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TABLE 5

SHAPE FU~CT IO1S FOR FIFTH or~n~~ C
1 ELEflE~1T

CONTAIN ING CO RRECTIV E RA7IO NA L FUNCTIONS

3

~71 
_ _ _— _____

NODAL VARIABLE SHAPE FUN CTION
5 2

‘1 —
.

~3 )  2. ~:~~ 2
— 3.

~~33n
3

~ 
:(l— r.2 ) —

~~~~~~~2 ~~~~~ 
-
.

2 
1 . ’  ~N 6 — ;. ~~ ~~~~L—L

3
) — 4~~~~~ 2~~ 22

2 
•

:

• ~ 
V

N 2 ~~~

— N 3 — .j ~3
(1—t.

3
)~’2N.+~N6

3
w( L) N 1 — 

~‘1.
,2 ,.2 -

~~~(1) 1 ________

I L2 • L 3 CORRECTIVE
RATIONAL

~ FUNCTIONS— (1) 1. 2 3
•

- V - -
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TABLZ 6

SL’~PLY S~JPP0RTED SQL’AR~ PLATE

~SNIF0RM LOAD

(5 th order Approximation )
Constraint

N P/Q tethod Cowper Caramanlian Tsaj
2 Q 4.060210 4.0609374 4.060236 4.0597

-.7 P 4.059696 4.0684849 3.069917

-.1 Q 3.062342 .1.0623473 3.062323 3.0623

~ .? P 4 .062483 3 .06 2.7 2 6 3 4 .06230

6 Q 4.0623498 3.0623517

P 3.0623503 3 .06 3398

3 Q 4.0623522 4.0623523

EXACT SOL~ fl0N : 3 .062.332

Cons trninc
N ~~~V Q  Method Cowper Caraman.l.ian Tsai

2. Q 4.63094 4.70261 4.6579

P 3.34073 4.81330 4.35ó8

~ 3 Q 4.~ S697 3.73259 4.7816 3.3333

P 
~~~~~~ 4.~ 9083

V 6 Q 4.7~7436 3.737621

P 4.789028 3.788972

S Q .738329 3.788419

EXACT SOLUT ION: 4 . 7 3683

- —- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --—V-- V---



- -V.- V
~

V - ____ -— - - - V--V-- V.-—--- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
V.
~~~~~~~~~~~~

-,.— —--- -
~

V -V.-, 
~~~~~

rI
r.V-V

~
V.-

~~~~~ 
-‘--- —

~
-- :~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ - — -

—21—

TA3LE 6 (continued)

STRAIN ENERGY

~~~ l.m/q 01
6

Constraint
N P/Q Cowp.r Error Method Error

— ,  —32 Q 8.5099612 3.04x 10 8.5117189 9.79x 10

P 8.4776356 4.10x1O
_2 

8.5124819 3.31~10~~

3 Q 9.5123403 1.32~1O~~ 8.5125393 l.56~10~~

P 3.5113962 l.36x1O~~ 8.5125227 3.51*10~~

6 Q 8.5125386 l.64Xl0~~ 8.5125514 1.31~l0~~

P 8.5123190 1.37~l0~~ 8.5125501 2.94x10~~

3 Q 3.5125496 3.52x1&~ 3.5125524 2.35~13~~

EXACTION SO LU t I0N~ 8.5125526

- —  - ~_ V ~~~~~~~~~~~~~~~~~ -- -— - ~~~~~~~~~~ -— — - - --~ ~~~~- - —V .  ~~~VV- ~~~~~~~_ V-_
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LIST OF PROFESSIONAL PERSONNEL ASSOCIATED WITH THE

RE SEARCH EFFORT

1) 1. N~~r~~an Kat: , ~‘r c t .~s~~J r  of Ap p l i ~~ ~~~ ~~t t t cs and
Sys:e s Science, W a s h i n g t o n  Cni.t.r~~t~~. . St. ~.cuis , ~-~ ) t~3i ~~O.

2 )  Barna A. Szabo , A. P. Greensfelder :r.~~essL’r of Civil
Engineerirg, ~~shington Universi : ’.’ , S t .  ~~ u t s , ~tC b3 130.

3) Mark P. Rossow , Associate P r ofess3r  . f  C iv i l  ~~ec r:: lg.

~ashingt~ n Cnivers~.tv , St. Louis , ~~ b31.~~.

4) lta i Sen Chang. Graduate Student , DepJ r::IL-nt ~f Svste=s Science
and Mathenatics , Washington L’ni ’.- e r s i t v , S t .  Louis , MO ~ 3 l3O.

5) Anil K. ~ehta , Graduate Student , Department of Civil
Engineering , Washington University, St. Louis, MO t~3l3O .
(D.Sc May 19~ S , Thesis Title: “p—convergent finite
element . ippr ~ xi~~ t ion  in linear elastic f r a c :u r e  ~iechan ics ’)
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INTERACTIONS

On October 19, 1977, the Principal Investigator , I.
Norman Katz, presented an invited talk at the Expository
Seminar Series of the Applied Mathematics Division of the
U.S. National Bureau of Standards in Gaithersburg, MD. An
abstract of the talk, based on current research , is enclosed .

V - - V.
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‘La t~ioc.al 3ur~ au o~ Standards
ipp I1~~d M-~~~~~~~~~cs ~~v~ iic~n

Ex~osttorv S ~ina r  Set~ies

~V~~~V . V.: ’ V- V - .’. ‘“ :.. ..

:‘ : ‘  ~~~ ~e y ,  ‘3c:ober 19, l9~~’ 
————— 11:00 A.M . -

(Coffee Social ——— ~~~~~~ — 1O :- .3 A.M .)

~~~ h.tolo~y 3u~ 1d~~~~, Room 321
NatIonal Sureau of Standa rds
Caithe r sburg .  Maryland 20760

S ’~’ r :  ? r , f e s s o r  I. Norman Katz
- 

2 arz t~nt of Syscens Science and > z ’ .e~ at~.cs
shington ~~~~~tst:y

St . Louis , Missour i -

t i t L e  of Talk: “The Constraint Mathod for ~~~~~ Elenenc S t r e ss  •~~a Iys ts ”

Abstra ct : In c3nvenclonal apprraches :o ~t~~ite ele~ ent stress analys~.s
accuracy is obtained by ftxin~ the de~~;ee p of the app r~ x~~~ t—
in~ po1y~ onial and by allowing the xinun Lii.~~e c e r  h of e !4—
nent s in the triangu.~.ation to approach :er o.  An a1:sr~ ate
appr~ach Is to iix the t r-iangi.ilation and to increase the ~~es
of appro c .n.acing polyrtornials in chose elenents ~nere ~ere accuracy
is required. In orSer to inpietent the second aoproach e~ ftcLent1v
i t  is necessa r to have a fanily of finIte elenents of ar b i tr a r y
~olv-no~ ia1 degree p w ith the prcçerzy  that as ruch t - ~~tion
as possib le can be tam ed f:cm :ne ~~~ egre~ approx zion
cc~~ ut~ ng the (?#1)sc degree aporOx±nat4.on. Such a ~iI~~~~C~ IC
fanily has been fo~~~ .1aced with p ~ 2 for proolens th ?lane
st ress analysis and with p > S for probt~~ s Ln plate bending.
The fanily is descr~.bed and nu~ er1cal exa~pl es are presented i’ .:h
illustrate the f l c i ency of the new ~ethod.

3~~
,’~~~~~ ’ u t t L .iL

V ~~~~~~~~~~ ?-ofessor Katz receIved hIs Th•D. in Machen.at~~ s from M.I.T. in
1959. 5e has wor ked at AVC O/ Re sea :ch and Advanced Developnenc

V 

th Wiinington . Massachusetts w here he became Manager of the ~.irhe—
nacIcS Departnent. Sthce 1967 he has Seen ac Wash ington ~~~cer~ t::
th St .  L~ u1s. His research has been in nu er-ical analysis , o r S t .~a:
and partial dUferecitiai. equatIons , fi:~t :e elenenc -~echods , optical

V facilIty locaciou and Siocathenacics.

Al’. i~ite res~~ed are  thvited to attend. -
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